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In this paper I would like to explain a relation between the distribution of the 
signs of certain real units of a cyclotomic field under the different Galois embeddings, 
and the question of whether there are nontrivial restrictions on the G-signature of 
PL locally linear Z, actions. In the smooth case for n prime this was first discovered 
by Ewing using a completely different method. Our method is more standard than 
the ingenious calculations that Ewing performs and consequently it might be of 
some value to expose some simple ideas relating K-theory, L-theory, and the classical 
theory of cyclotomic fields as developed by Kummer and Hasse, to questions 
involving transformation groups. (Actually, for the case of n composite, it will be 
necessary to use the work of Sinnott that provides generalisations of the results of 
these previous authors to composite cyclotomic fields.) The value of this lies in the 
central role that quadratic forms, such as the equivariant intersection pairing, play 
in the theory of group actions. A large part of this paper will be a review of 
well-known results of an algebraic and number theoretic nature, and experts will 
probably want to skip this material; toward the end we will explain the connection 
of these ideas to transformation group questions such as Katz’s formula, and verify 
a conjecture of Shaneson to the effect that the more distinct prime factors an integer 
has, the more restrictions there are on the G-signatures of smooth Z,, actions. 
Hopefully the experts will at least find a useful trick in this part. 
To aid in exposition, I will be general whenever nothing is lost by generality, but 
if some (purely computational) simplifications can be made by being primary, I 
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will be and leave the changes necessary for the greater generality to the motivated 
reader. (Consequently, the reader will be left with the joy of discovering the details 
of Shaneson’s conjecture!) 
1. Review of cyclotomic fields 
In addition to any book on algebraic number theory, I recommend [ 18, appendix] 
and [20] as convenient references for many of the facts discussed in this section. 
We begin quite generally. If E/Q is a finite extension, then we let QE denote the 
ring of integers of E, that is the set of elements of E that satisfy a manic polynomial 
with integral coefficients. The ideals of B form a commutative semigroup under 
multiplication, and according to a theorem of Dedekind, these have unique factorisa- 
tion. In order to investigate the extent to which unique factorisation fails for B 
itself, one introduces the class group, which is the quotient semigroup of the ideals 
module principal ideals. This is always a finite abelian group and is naturally KO( 6). 
The units of E form a finitely generated abelian group. A little thought shows 
that the finite part is always cyclic (it’s a subgroup of S’!). The free part has a 
computable rank which is given by the Dirichlet unit theorem 
rankO*=s+t-1, 
where s (resp. t) denotes (half) the number of real (complex) embeddings of E. 
The proof of this is not difficult and consists of showing that in an appropriate 
logarithmic space (whose coordinates are the logarithms of the magnitudes of the 
element of E under all, but one, Galois embeddings’) the embedding of By defines 
a cocompact lattice. Results about units generating subgroups of finite index in B*, 
or better yet, computations of this index are usually proved by computing the volume 
of an image parallelepiped in the logarithmic space (this is usually called the 
regulator). Again, one can interpret B* as K, ( CT), if one is insistent on a K-theoretic 
viewpoint. 
An important theme is that there are connections between the class group and 
the units. One sees this analytically in the class number formula where the norm of 
the fundamental units enters, and one sees this algebraically’ via classfield theory. 
Now, let us restrict our attention to cyclotomic fields, that is the case of E = 
We 2ni’n]; we henceforth denote e’“’ ‘n by [,,, or if there is no danger of confusion, 
simply by 5. In addition, unless otherwise stated, p denotes a prime power. The 
ring of integers of E is actually just Z[.$]. We shall denote the order of the class 
group by h(n) and refer to this as the class number of n. We denote by h+(n) the 
order of the class group of the real subfield, F, of E, Q[e+cm’], whose ring of 
I If one used all the Galois embeddings, the units could not be cocompact since the norm of any unit 
is one, so there would be a linear relation among the coordinates of the units. 
2 Of course, classfield theory was originally an analytic theory, established through the use of L-series 
and the like, so it would be wrongminded to take the analytic/algebraic cleavage too seriously. 
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integers is Z[ 5 + [-‘I. Gal( E/ F) = P2, the nontrivial element being complex conjuga- 
tion, acts on the class group of E, and we denote the order of the -1-eigenspace 
by h_(n). 
Theorem. h(n) = h+(n)h_(n). 
The fact that h, divides h is deduced directly from Hilbert’s theorem 90. The 
identification of the second factor as h- is more difficult. 
Of the two factors, the + is by far the more mysterious. We shall not really need 
to study numerically either factor. However, note that from our definition h and h- 
have the same parity (although this is not so hard from its definition as “the other 
factor”). Tabulations of the value of h-(n) for small values of n can be found in 
[20] for instance. 
There are p(n) embeddings of E into C, they are all complex, so the Dirichlet 
unit theorem implies that there are (cp( n) - 2)/3 multiplicatively independent units. 
For n =p one has an obvious set of units 
(5” -1)/(5-L), (a,p)=l, QS(P-L)/2, 
which generate a subgroup of finite index. (In the case of composite n there are 
still the right number of these, except that they are multiplicatively dependent! See 
[ 111. This will be related below to G-signatures of semifree actions, which are more 
special than those of more general actions.) These units are called the cyclotomic 
units. (In the composite case one has to include certain a which share a common 
factor with n.) The following is due to Kummer. 
Theorem. For Q[[,,] the index of the cyclotomic units in the set of all units = h,. 
The proof is essentially a regulator calculation. 
This theorem is more directly responsible for the way that h, enters topology 
than its definition in terms of the real subfield. (Presumably that definition would 
enter directly in a serious study of dihedral group actions.) In the composite case 
this formula has to be modified: Sinnott has shown [17] that there is an additional 
power of 2 in the index formula that depends on the number of prime factors of n. 
The class group enters again in questions involving distributions of the signs of 
units. In the prime case, one has the following well-known lemma. 
Lemma. Every unit of Z[&,] is of th f e orm [“a for some a in Z[ 5 + .t--‘I. 
The proof is not so difficult, and is often found in discussions of the first case of 
Fermat’s last theorem for regular primes. In the composite case this is easily seen 
not to be true. 
Proposition. (1 - &) is a unit ifs n is not a prime power. 
One simply recognises the norm of this element as the value of a cyclotomic 
polynomial which can be computed using L’Hopital’s rule. This element is visibly 
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not of the type described by the previous lemma. (Compute.) However, its square 
is, and every unit is, up to multiplication by a root of unity, either of the form o 
or (1-5)~ for a real (Y. 
Theorem. In the primary case, totally positive real units/real squares = 
ff’@*; &@E)>. 
A real unit is positive if it is a positive number, and a unit is totally positive if 
all of its Galois conjugates are positive. (Here it is convenient that F is invariant 
under the action of Gal(E/Q).) The Tate cohomology in dimensions 0 and 1 have 
the interpretation of being the (anti) invariant elements of the coefficient module 
modulo (anti) norms. We will discuss this in more detail in Section 2. 
In the composite case there is the explicit element (1 - [)( 1 - t-l), which is visibly 
totally real and is a unit as we have already noted, but whose square root can be 
computed not to lie in this cyclotomic field. Again, this element is entirely responsible 
for the discrepancy in the formula, i.e. modding out by this element, one gets an 
isomorphism in the composite case as well. 
The proof of this is a nice argument using classfield theory; since we will only 
talk about units and never about projective modules, it seems worthwhile to review 
just the drop necessary to indicate why the asserted connections might exist. There 
are various formulations of classfield theory; we will adopt the classical global 
viewpoint. Recall that the basic idea of CFT is to relate abelian extensions and 
ramification (that is the splitting of a prime into factors in the extension) to 
generalised ideal class groups. Let I7 be a formal product of places of E, squarefree 
at archimedean places (a “place” is either a prime ideal or an embedding into C; 
it’s the kind of thing that allows one to complete E). An ideal is prime to I7 if it 
is prime to the finite factors of I7 (recall that the ideals of QiE have unique 
factorisation). We mod out by principal ideals that are generated by an element 
that is 1 modulo each finite factor of III and positive at each of the real archimedean 
places of 11 to form the generalised class group mod IT. Observe that the difference 
between the generalised class group with or without the real archimedean places is 
determined by the distribution of the signs of the fundamental units that are 1 
modulo the finite part of I7 under the appropriate real embeddings. (Exercise: what 
role do the finite primes play with respect to one another?) The narrow class group 
is by definition the class group corresponding to setting II = product of the archi- 
medean valuations. The result follows from an identification of the conjugation 
invariant piece of &(6,) as the narrow class group for OF, and contemplation of 
the above remarks (including the ranks of the groups of units given by the DUT). 
This fact comes from the basic correspondences of classfield theory (i.e. the Hilbert 
classfield and the relation of its Galois group to the ideal class group) for E and 
F, and the fact that E ramifies over F only at ~0. The formality of the argument 
allows much of it to apply to arbitrary totally imaginary fields which are quadratic 
extensions of totally real fields. 
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Incidentally this result is implicitly well known to topologists. The relation between 
units and projective modules underlies the relation between the known calculations 
of L’ and Lp. The explicit connection described above explains the relationship 
between the proof of Ewing’s theorem on signatures in [21] and the one presented 
here. 
2. Review of basic K- and L-theories 
The connection of topology to arithmetic usually passes through the conduit of 
K-theory. Our situation is not different. This section will only deal with algebra. 
Good general references for this section are [9,19]. 
If R is any decent ring then one can form K,(R) as follows: Let GL,(R) be the 
group of automorphisms of R”. One has an inclusion of GL,(R) in GL,+,(R) by 
taking @ id. The limit is by definition GL(R) and K,(R) = H,( GL( R)). Notice that 
this construction is functorial in R. If R is commutative, then since the determinant 
remains unchanged by stabilisation, one can define a map 
det: K,(R)+R”, 
which is split surjective (consider 1 x 1 matrices). In favorable cases, e.g. Dedekind 
domains (e.g. rings of integers as in Section l), this map is an isomorphism (see [9, 
Section 161). In general, even for nice rings like ZV for finite abelian V, this is not 
true, and it is often an important task to get one’s hands on elements. We are 
fortunate that for rr cyclic this is an isomorphism. (See [2] for the original proof.) 
Sometimes it is sufficient to pass from Zrr to Rr, which has the advantage of 
being semisimple. In that case one has an easy calculation because of three basic facts. 
Fact 1. Rrr is a product of matrix rings over 53, @, and W. 
Fact 2. K,(R,xRJ=K,(R,)xK,(R,). 
Fact 3. (Morita equivalence) K,(M,(R))= K,(R). 
The first can be found in any treatment of the representation theory of finite groups, 
while the second two are easy consequences of the definitions (note that 
GL,( M,( R)) = GL,,(R)). The map obtained by concatenating these isomorphisms 
is often called the reduced norm map, nrd. An equivalent way to describe it is as 
a map 
where one views a representation as a ring homomorphism [Wrr+ M,,(R) and then 
uses the Morita isomorphism. This general procedure is often a good way to analyse 
ring-functors. (For infinite groups it is remarkable that the same philosophy is 
sometimes of value; this is the point of view of Fredholm representations, see [lo].) 
The identical procedure in fact for L-theory goes by the name multisignature or 
G-signature depending on the context. It is now time to review the various definitions 
and flavours of L-groups and their relationships to one another and to K-theory. 
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The most classical definition of an even dimensional surgery group is that it is 
the Grothendieck group of symmetric or antisymmetric bilinear forms over some 
ring with anti-involution (together with a quadratic refinement for rings in which 2 
is not invertible), modulo the “hyperbolic forms”, that is, the obvious form on the 
R-module MOM*. One can vary the definition by insisting that the quadratic 
forms be supported on projective modules or free ones, and if the latter, one can 
base the module and use the base to take discriminants and make demands on it 
(e.g. that it lies in some particular subgroup of K,(R)). All of these definitions have 
odd dimensional analogues and they all have geometric interpretations. 
For instance, the group Lb(R), defined by using quadratic forms defined on free 
modules, measures, for R = ET and the anti-involution coming from g + g-‘, the 
obstruction to normally cobording a map to a homotopy equivalence. The group 
L"(R), in the same circumstances, measures the obstruction to achieve a simple 
homotopy equivalence at the end of the cobordism. The relation between these 
groups is given by the Rothenberg sequence which first appears in [16] (where L” 
is first defined): 
. . ’ + L’(Z7r) + L”(Z7-r) + H*(Z,; wh(ZTr)) +. . . . 
The cohomological term in even (odd) dimensions is naturally (anti) self-dual 
elements of the Whitehead group, modulo elements of the form xx* (x/x*). The 
maps are quite easy to understand geometrically; they are respectively: forget, 
compute the torsion of the homotopy equivalence you are working relatively (this 
term obviously vanishes on problems between closed manifolds), and erect an 
h-cobordism with the given torsion, and try to surger the result to a simple homotopy 
equivalence. It is a nice exercise in simple duality for manifolds (i.e. the general 
fact that Milnor’s duality for h-cobordisms is a special case of) and the Wall 
realisation theorem for these type of L-groups to geometrically prove this sequence. 
Algebraically the fact that one lies in the cohomology is that the symmetry 
condition on the forms restricts the discriminant, but that a basis change changes 
the discriminant by the norm of the torsion of the base change map. (Actually, one 
must exercise a little care in defining the discriminant in order to make it trivial on 
hyperbolic forms, and thus defined on the L-group level. We shall always be dealing 
with forms of even rank-this is often dictated by geometry, in any case-and then 
one multiplies the usual discriminant by (-l)r’“k’2.) 
It is possible to give a uniform definition of all of these surgery groups that also 
makes them seem more “geometric”. One introduces the notions of “finitely domi- 
nated”, “finite”, and “simple”, algebraic Poincare complexes and pairs, and then 
forms the cobordism groups of such objects. An amusing point occurs in this 
algebraisation: a Poincart pair with an acyclic boundary is viewed as closed, since 
everything is homotopy invariant in any Poincart categ0ry.l It is a remarkable fact 
3 Actually, in the simple category, one must base everything, and notions are only simple homotopy 
invariant, so then it is relevant that the acyclic based boundary have vanishing torsion. This point is 
central to some of the applications to be discussed later. 
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for which we refer to [ 10, 121 that these definitions coincide with the previous ones. 
This point of view, moreover, has several advantages. 
Firstly, invariants are defined almost tautologously-one takes the underlying 
algebra of some geometric situation-and there is no need for preliminary geometric 
simplifications. 
Secondly, one can now talk geometrically about the algebraic objects with great 
effect. That is one can glue or split or discuss coboundaries or objects with more 
or less structure. 
By considering pairs where the interior has less structure than the boundary, one 
gets easy long exact comparison sequences, etc. (And there are other advantages 
that need not concern us here.) 
At this point we would like to digress to consider the analogue of the nrd map 
considered for K-theory. If we would like to understand, say, IWV, then the first step 
is again to break up Iwrr according to the real representations. Then the L-theory 
basically breaks up accordingly, but it is important to be a little careful. If one is 
working with L”, for instance, then it is simply not true that a pair of algebraic 
complexes over R, and R2 combine to give a complex over R, x R,-the product 
will not be a free complex. There is a condition that the Euler characteristics of the 
two complexes coincide. (Of course, as for manifolds, only Euler characteristics 
(mod 2) are bordism invariants.) If one considers a version of L-theory where ranks 
are demanded to be even (essentially by sticking a hyperbolic onto an offending 
factor), one gets a product formula. Similarly, one has to make sure that discriminants 
are controlled on the nose in the version of L‘ used, i.e. discriminant = k-1 is not 
sufficient, because the different units allowed on each factor (we view these as local 
units) do not combine to an allowable global unit (e.g. *l). We will henceforth 
ignore this problem. 
There is another problem in setting up an nrd isomorphism, which is often called 
the Moria mistake.4 It is not true for instance that L"(R) = Lh(M,(R)). The point 
is that while such an isomorphism is true for Lp (the theory based on projective 
modules) and for K,, free modules play a different role for R and M,(R). 
Despite all these problems it is clear that for semisimple rings, with the right 
definition of L-groups, nrd is an isomorphism, and that in any case the nrd map is 
defined, nrd is an isomorphism aside from 2-torsion. (We shall, however, be very 
concerned with 2 torsion.) In Section 3 nrd shall recur as Atiyah-Singer’s G- 
signature. 
3. G-signatures 
In this section we shall review some of the theory of G-signatures of compact 
manifolds. 
4 Morita never made this mistake, but he has the dubious honor of having this named after him 
because it is the result of misapplying Morita theory. 
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For simplicity, let M be a compact oriented manifold of dimension 4k, and let 
G be a finite group acting on M by orientation preserving homeomorphisms. One 
can then define the G-signature of M as follows: H2k(M :[w) has a symmetric 
bilinear form on which G acts by isometries. Unequivariantly, one classifies such 
forms by diagonalising; that is by finding a maximal positive definite subspace H, 
and a maximal negative definite subspace HP, and taking the difference of their 
dimensions. Now, one finds such subspaces that are invariant under the group 
action, and considers their difference as a virtual representation. That is 
sign( G, M) = [Z-L,] - [HP] E RO( G). 
One can also take characters, and then define for g E G, 
sign(g, M) =x&dG M))(g). 
Of course this is just the difference of the trace of g restricted to H,. 
The G-signature is not an arbitrary representation. Notice that 
sign(G, M)=[H+]-[H_] 
-[H+]+[H_] (mod2) 
= [HZk(M:(W)] 
E R,(G), 
where R,(G) denotes the rational representations of G because cohomology has 
an integral definition.’ Thus, mod 2 the representation is rational. The question that 
we are gearing up to answer is whether there are any additional restrictions. 
For smooth actions there is a well-known result due to Atiyah and Singer. 
G-signature theorem [l, Ch. III]. If G is a compact Lie group acting smoothly and 
orientation preservingly on a smooth mamfold M, then for each element g of G, the 
normal bundle N to M” splits as a sum of NH on which g acts by rotation by 0, which 
can be taken CT, and for 8 # 7~ have canonical complex structures. Then 
Skn(g, M) = (L(M”) u e(N,)L-‘(N,) u lo, [M”I), 
where LB is the unstable characteristic class corresponding to (eiH e*‘+ l)/(e’” ezx - 1). 
This theorem is more precise then we need, but too restrictive for our ultimate 
generality. One feature of the theorem is that to compute sign(g, M) it suffices to 
know Mg and the action of g on the normal bundle to Mg. This is all we need. 
The drawback from our point of view is the restriction to smooth actions. For 
nonsmooth actions the bundle theory does not have the same simple form as it does 
in the smooth case, and one cannot talk about the splitting into eigenbundles, etc. 
Therefore the right hand side is not quite available.6 
’ For indices of other elliptic operators, it is not possible to make a similar calculation. 
6 One can define characteristic classes to make the formula true--see [13], [4] or [15]. 
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Happily, these two observations prop each other up. That is, we will be ultimately 
interested in less precise information, which will be easy to formulate in the PL 
locally linear setting.’ Before getting to this it pays to discuss Atiyah-Singer just a 
drop more. 
The G-signature theorem is proven (or better, deduced from the general index 
theorem) in two steps. The first step is the construction of the equivariant signature 
operator whose index, and hence, by the equivariant index theorem, topological 
index is the G-signature. This falls under the rubric of Hodge theory. The next step 
is application of topological K-theory; in particular, the localisation theorem in 
K-theory to show how this element (the topological index of the operator) can be 
computed localised at a certain ideal in RO(G), enough to compute the trace 
corresponding to g, by an element supported in a neighborhood of ME, and then 
equivariant Bott periodicity to identify that element with something whose Chern 
character is the right hand side of the formula. 
While neither the index theorem, nor either of the steps in the reduction of the 
G-signature theorem to that theorem seem to exist topologically, roughly speaking, 
about 11/2 of those steps make sense. That is, one can formulate the notion of a 
signature operator very generally’ and prove the index theorem for such operators, 
and the fact that the right hand side of the formula is determined by some data 
measured in the neighborhood of the fixed set of g follows from the localisation 
theorem.” 
Corollary (of discussion). If’ G acts PL on a manifold M, and Mg =(J, then 
sign(g, M) = 0. 
To make matters concrete let us for the moment concentrate on understanding 
the simplest possible case: G = P,. In that case RO( G) = 7(p+1)‘2, where generators 
are the trivial representation and rotation by various angles (2kn/p) in two 
dimensional planes. Of course the trivial representation, and the regular representa- 
tion occur as G-signatures for actions on discrete sets, so the real interest lies in 
the other components. Notice that the mod 2 rationality statement translates into 
the statement that the G-signature modulo the regular and trivial representations 
(because these are the only rational representations) is a multiple of two. It turns 
out that obtaining multiples of four (at least in the PL locally linear case) is quite 
easy, and we will do this in the next section. Then what we need is a method for 
determining what representation one has when gwc; 2, where 2 is the augmentation 
’ Actually, the formula makes sense topologically as well, but just happens to be false! 
’ Whenever a Lipschitz structure is preserved, see [22] for the unequivariant case and [23] or [15] 
for different accounts of the case of equivariant signature operators. Notice that any PL action on a 
compact manifold is certainly Lipschitz. 
” In the PL locally linear case this was proven by a direct cobordism theoretic argument in [24], and 
for odd order groups acting topologically locally linearly by [25]. The present point of view is that of 
[ 151, although a purely topological proof of these results is now available as a consequence of joint 
work of the author with Cappell and Shaneson. The following corollary appears in [ 141. 
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ideal. Given the philosophy of this section, one wants a description as simple as 
possible in terms of fixed point data, but the form of the G-signature theorem tells 
us that to achieve this, one must be willing to work modulo representations whose 
characters vanish on generators, which in our case means modulo the regular 
representation. The wonderful fact is: 
Arithmetic signature theorem (Qualitative form). For G = Z,, the G-signature of a 
locally linear PL G-manifold modulo the regular and trivial representations is deter- 
mined mod 4 by the Euler characteristics mod 2 of the components of the fixed set 
and their normal representations. 
In the smooth case this is due, in a more explicit quantitative form, to Katz by 
an explicit equivariant bordism argument checking the formula, using the Atiyah- 
Singer theorem for generators. In the present generality, it is due to the author (see 
[21]; it is also shown there that this fails for topological locally linear actions; see 
also the first exercise in the next section). The argument given in the next section 
is a simplification of the original one and yields the same result for Z, working 
with the representation @$,, where 2,, is the summand of RG corresponding to 
primitive roots of unity, and where we mod out by representations induced from 
proper subgroups. So let’s get to it! 
4. The arithmetic signature theorem and applications 
Our proof of the arithmetic signature theorem depends on some facts about 
L-groups. 
Theorem [ 191. L” (Z T) for TT odd order vanishes in odd dimensions. In even dimensions, 
besides the arf invariant the multisignature (=nrd) detects; that is, nothing is lost 
under realijication. In fact, asidefrom the simply connected signature which is necessarily 
a multiple of eight for the integral L-group, all of the other pieces have the same 
divisibility, namely four. 
Let us use this to give the promised realisation of multiples of four. Consider 
D(p) x Slh, for a faithful representation p without trivial summands. Now use the 
Wall realisation theorem to act, in the quotient, by an arbitrary element of L’. Since 
this can all be localised to a piece living over a top simplex of the sphere one can 
simplex by simplex cone down the action on the other end to another sphere. This 
action is locally linear by an s-cobordism argument (see Fig. 1). Notice that this 
shows that there can be no formula that is more precise than mod 4 in terms of 
fixed sets and normal representations. 
(Exercise: Using an infinite construction or a similar device, realise the image of 
LP in the topological locally linear case. This image is the representations satisfying 
the mod 2 rationality condition. The s-cobordism argument should be replaced by 
an engulfing argument.) 
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Our strategy is to define for a PL G-manifold an element of L”($,,) which has 
nrd, the G-signature of M and whose image under the map in the Rothenberg 
sequence can be computed in terms of the fixed data of M. 
Let 2 be an arbitrary ideal in Qn, and let G act on a manifold such that for any 
singular orbit 0 the associated permutation module Q[ 0] is killed by @ 2. (For 
instance 2 =$,, for any action, or the augmentation ideal for a semifree action.) 
Then the equivariant chain complex of M @ 2 is a free algebraic Poincare complex. 
The proof is simply that the hypothesis gives freeness (by picking an equivariant 
triangulation; in the topological case it is well known that this fails) and that an 
equivariant chain map which is a homotopy equivalence is an equivariant homotopy 
equivalence. (Note that we have tacitly used the semisimplicity of QG.) 
What is the torsion of this algebraic Poincari complex? (Compare [6].) One way 
to analyse this is to realise that M-neighborhood(singular set) + M is a @ 9 chain 
equivalence. Of course, since the action on M-neighborhood(singular set) is free, 
it is a simple Poincare pair by ordinary manifold material. The fact that we can 
forget the boundary to get an absolute object is due to its $-acyclicity, which enables 
us to define a Reidemeister torsion. (Compare [X] where the case of $5, the augmenta- 
tion ideal is considered explicitly.) The discriminant in the Rothenberg sequence is 
clearly the Reidemeister torsion which we now compute. 
Let us consider the case of G = Z,, again. In this case the boundary of the regular 
neighborhood is a lens space block bundle over M ‘. In this case, an induction over 
the cells of M” shows that the Reidemeister torsion of the whole space (written 
additively) is x( M”)T(~), where r(p) is the Reidemeister torsion of the normal lens 
space. If x is even, then the discriminant vanishes modulo squares, and one can 
lift to L‘. The AST follows, and one can easily make the relationship posited more 
explicit in terms of the discriminant map. Notice that r(p) is always a cyclotomic 
unit for linear lens spaces (see [S]) so one begins to see the number theory implicated. 
If G = Z,,, then one does the same induction except that the singular set enters 
via its Euler characteristic in the Burnside ring. If one works modulo induced 
representations, the G-signature formula implies that these make no contribution 
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beyond that of the fixed set. Or one can bite the bullet and consider what the 
contributions of nonfixed singular orbits are. Or one can consider the whole rep- 
resentation at once and write a uniform formula that breaks up. To each their own. 
Theorem [21]. For G=Z,>, the cokernel of the G-signature map for PL locally linear 
manifolds (in the subgroup of RO( G) = Rc( G) (mod 2)) = totally positive cyclotomic 
units modulo cyclotomic squares. 
We remark that a smooth analogue of this result (which in some ways is consider- 
ably harder) was first proven by Ewing. It is easy to see using the material of Section 
1 that the theorem implies that there is a nontrivial relation iff the class number of 
Q[&,] is odd. 
Our method of proof uses the trick of [3] for computing the torsion in Lh. The 
basic point goes like this: We are dealing with quadratic forms of even rank (over 
[w since that is true about representations with no trivial summands), and we might 
as well assume they have rank divisible by 4, by adding a hyperbolic. (Recall that 
one has to adjust the definition of discriminant in rank 4k+2 to get something 
defined on L-groups.) In that case, a consideration of eigenvalues shows that the 
signature, always even, is 2 (mod 4) iff the discriminant is negative. (If one has 
negative discriminant, then there are an odd number of negative eigenvalues, so 
that the signature which equals the rank minus twice the dimension of the negative 
part, has dimension 2 (mod 4).) In our case we are examining what the signature 
of the quadratic form is in all of the copies of [w* given by irreducible representations, 
which can be viewed as different Galois embeddings of Q[&,]. The sign of the 
discriminant, which is the image of the discriminant of the original form, which is 
a unit in the number field, is the sign of that unit in some specific embedding. A 
count of the number of units there are and the number of embeddings (which is 
rigged, by the Dirichlet unit theorem, to work in this totally imaginary field!) shows 
that the only way to get all of the imaginable representations to occur is for the 
signs of the units of the torsions that arise geometrically to be as independent as 
possible, that is for all totally positive such units be squares. The same consideration 
identifies the cokernel with the quotient group. Now all that remains is to see what 
units occur, but this boils down (using multiplicity properties of 7) to computing 
for lens spaces where it is well known that it is precisely the cyclotomic units that 
occur. 
We close with a few exercises for the interested reader. 
Exercise. Work out the analogous composite result for semifree actions. Using the 
relations from [ 1 l] (see [20, Ch. S]) find cases with odd class number and two prime 
factors for which there are nontrivial restrictions on the G-signature. 
Exercise. From the proof of this theorem and the other material developed herein 
deduce the analogous theorem for the odd order composite case. (Observe that the 
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extraneous totally positive cyclotomic unit discussed in Section 1 does not enter. 
Also observe that the norm of a cyclotomic unit is cyclotomic.) Deduce from Sinnott’s 
theorem [ 171 on extraneous powers of 2 in the index of composite cyclotomic units 
in all units, that if n has four prime factors there are always nonrealisable signatures. 
Prove Shaneson’s conjecture that the cokernel grows with the number of distinct 
factors. 
The difference between the previous two exercises lies in the difference between 
the types of units occurring as Reidemeister torsions for free and nonfree linear 
lens spaces. 
Exercise. (Compare [5]). Making use of the proof of this theorem, show that if Z,, 
acts on a homotopy @ P” with a codimension two component of fixed set, then for 
odd class number primes, mod 2 there is the obvious relation between the normal 
representations at the isolated fixed point and at the other component. In general, 
the usual relationship does not hold, although one can use homology propagation 
techniques to show that it holds in the case of standard projective space (provided 
the homology class of the submanifold is standard). Is there a counterexample to 
the mod 2 relation for even class number p? 
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